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Gillespie’s direct method (DM) [D. Gillespie, J. Chem. Phys. 81, 2340 (1977)] for exact stochastic
simulation of chemical reaction systems has been widely adopted. It is easy to implement but
requires large computation for relatively large systems. Recently, two more efficient methods, next
reaction method (NRM) [M. A. Gibson and J. Bruck, J. Phys. Chem. A 105, 1876 (2000)] and
optimized DM (ODM) [Y. Cao et al., J. Chem. Phys. 121, 4059 (2004)], have been developed to
improve simulation speed. It has been demonstrated that the ODM is the state-of-the-art most
efficient method for exact stochastic simulation of most practical reaction systems. In this paper, we
first develop an exact stochastic simulation algorithm named ODMK that is more efficient than the
ODM. We then develop an approximate method named K-skip method to further accelerate
simulation. Using two chemical reaction systems, we demonstrate that our ODMK and K-skip
method can save 20%-30% and 70%—-80% simulation time, respectively, comparing to the ODM.
We also show that our ODMK and K-skip method provide almost the same simulation accuracy as

the ODM. © 2009 American Institute of Physics. [DOI: 10.1063/1.3204422]

I. INTRODUCTION

In certain chemical reaction systems such as cells in liv-
ing organisms, the dynamics of the system are often domi-
nated by the action of a small number of molecules, and thus
exhibit significant stochastic fluctuations. Such random fluc-
tuations in the number of molecules appear to have many
important consequences in biology.lf3 For example, the sto-
chasticity in gene expression can generate phenotypic hetero-
geneity in a bacterial population of isogenic cells." There-
fore, in computational modeling and simulation of chemical
reaction systems, it is important to have an appropriate
method to reflect the stochasticity in system dynamics.
Gillespie developed a stochastic simulation algorithm (SSA)
to simulate every reaction event in a chemical reaction sys-
tem, when the time evolves.* Gillespie’s SSA is exact in the
sense that it is developed rigorously based upon the micro-
physical premise of stochastic chemical kinetics for well-
stirred chemical reaction systems.s’6

Although Gillespie’s exact SSA is easy to implement and
produces system dynamics with correct statistics, it requires
large computation especially for systems where the number
of reaction channels and/or the number of molecules are
large. A more efficient exact stochastic simulation method,
named next reaction method (NRM), was developed by Gib-
son and Bruck.” In the next reaction method, two sophisti-
cated data structures are employed to save computation,
thereby improving simulation speed. An optimized direct
method (ODM) for exact stochastic simulation was proposed
by Cao et al.® It was demonstrated that the ODM is much
faster than Gillespie’s direct method (DM) and, in general,
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faster than the NRM in simulating practical reaction systems.
Several approximate leap methods, including 7'—le:ap,9’10 bi-
nomial 7'—leap,“’12 multinomial 7'—le:ap,13 unbiased 7'—leap,14
and K-leap methods,'>!'® were also developed to accelerate
stochastic simulation at the price of reduced simulation
accuracy.

In this paper, we develop an exact SSA, named ODMK,
which is more efficient than the ODM. In the DM and the
ODM, two random variables are generated to simulate the
occurrence of each reaction, one for the reaction index and
the other for the random time between the occurrences of
two consecutive reactions. In our ODMK, we use only one
random variable to generate a sequence of K>1 reaction
indices. Since the number of random variables generated is
reduced, our exact SSA is faster than existing exact SSAs.
We further develop an approximate method, named K-skip
method, where we generate the random time between the
occurrence of every K> 1 reactions, skipping generation of
the random time between the occurrence of two consecutive
reactions. Since the random variables generated in our
K-skip method is two per K reactions, which is much smaller
than two per reaction in the DM and the ODM, our K-skip
can significantly improve simulation speed especially when
K is large. Our numerical results demonstrate that our K-skip
method yields almost the same accuracy as the exact SSA.

The rest of this paper is organized as follows. In Sec. II,
we describe the chemical reaction system under consider-
ation and briefly review current exact SSAs. In Sec. III, we
develop our ODMK. In Sec. IV, we derive our K-skip
method. In Sec. V, we present two numerical examples to
illustrate our algorithms, and compare their performance
with that of the ODM. Finally, conclusions are drawn in
Sec. VL.

© 2009 American Institute of Physics
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Il. SYSTEM DESCRIPTION AND STOCHASTIC
SIMULATION

Consider a well-stirred mixture of N=1 molecular spe-
cies {S,...,Sy} that chemically interact through M =1 reac-
tion channels {R,, ...,R,,}. The dynamic state of this chemi-
cal system can be described by the state vector X(r)
=[X,(®),....Xy(®)]", where X,(¢), n=1,...,N, is the num-
ber of S, molecules at time 7, and [ -]” denotes the transpose
of the vector in the bracket. Following Gillespie,5’9’10 we
define the dynamics of reaction R,, by a state-change vector
Y =[Vim»---» Vyml!» Where v, gives the changes in the S,
molecular population produced by one R,, reaction, and a
propensity function a,,(x) together with the fundamental
premise of stochastic chemical kinetics:

a,,(x)dt = the probability, given X(r) =x,

that one reaction R,, will occur

in the next infinitesimal time
interval [7,7+dr). (1)

Defining the probability rate constant c¢,, as the probability
that a randomly selected combination of R,, reactant mol-
ecules react in a unit time period, we can calculate a,,(x) as
a,(x) =cmhm(x),5 where h,,(x) is the number of distinct com-
binations of R,, reactant molecules in the system at time ¢.

For a chemical system in a given state X(¢)=x at time 7,
Gillespie’s exact SSA answers the following two questions:4
(1) when will the next reaction occur? and (2) which reaction
will occur? More specifically, Gillespie’s exact SSA simu-
lates the following event in each step:

E: no reaction occurs in the time interval
[t,t+7), and a reaction R, occurs in the
infinitesimal time interval [t+ 7,t+ 7+ d7). (2)

Based upon the fundamental premise (1), Gillespie showed
that 7 and w are two independent random variables and have

the following probability density functions (PDFs),
respectively,“’5
pA7) =ap(x)exp(-ay(x)7), 7>0, 3)
and
a,(x)
pM(M): 2 MZ]‘""’M’ (4)
ao(x)

where ay(x)==",a,,(x), and we used the same symbol to
denote a random variable and its realization for notational
simplicity. According to PDF (4), a realization of u can be
generated from a standard uniform random variable u;, by
taking u to be the integer that satisfies

p—l ®
m=1 m=1

where we have defined E&ﬂp x(1)=0. Based on PDF (3), a
realization of 7 can be generated from another standard uni-
form random variable u, as 7=-In(u,)/ay(x). Therefore,
Gillespie’s DM generates a realization of u and 7 in each
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step of the simulation, and then updates the time and system
state as 1« f+7 and X« X+w,, respectively.

Gillespie also proposed a first reaction method (FRM) to
simulate the event (2), but the FRM is much less efficient
than the DM because it needs to generate more random vari-
ables. However, Gibson and Bruck’ transformed the FRM
into an equivalent and more efficient NRM. In the NRM, a
data structure named dependency graph is defined to tell pre-
cisely which a,,(x) should be updated after a reaction occurs.
An indexed priority queue is also defined to efficiently gen-
erate u and 7. After employing these two data structures, it is
argued that the NRM is more efficient than the DM,7 for
loosely coupled chemical reaction systems where the firing
of one reaction channel does not affect many other reactions.

However, a detailed analysis of CPU cost of both NRM
and DM shows that maintaining and updating the indexed
priority queue in the NRM may require significantly large
cost for some practical systems.8 The ODM was proposed to
improve the efficiency of the DM.® The ODM incorporates
the dependency graph used in the NRM into the DM to re-
duce the cost of calculating a,,(x). It also properly orders the
indices of reaction channels to reduce the cost of generating
the reaction index w. With these two optimization proce-
dures, the ODM is much more efficient than the original
DM. It was argued8 that the ODM is faster than the NRM in
simulating most practical systems where some reactions fire
more frequently than others.

lll. EFFICIENT EXACT SSA

As we discussed in Sec. II, DM and ODM need to gen-
erate two uniform random variables to simulate the occur-
rence of each reaction: One for generating a reaction index w
and the other for generating a random time 7. Our idea for
improving the efficiency of DM and ODM is to use one
uniform random variable to generate a sequence of K> 1
reaction indices u;, u,, ..., k. Recall that in DM and ODM,
since we know the probability distribution of w, p,(u) in Eq.
(4), given the system state X(z)=x, we can easily generate a
reaction index w for the first reaction occurring after time ¢.
Similarly, if we know the joint probability of K reaction in-
dices my, o, ... x> (s Mo, ... pug), for the K reactions
occurring sequentially after time 7, we can use one uniform
random variable to generate the sequence wy,Ms,...,HMk-

More specifically, for a specific sequence uy, ..., ug, we de-
fine a vector
K
=, g, 1= 2 M5 (= 1) + 1 (6)

i=1

Note that since [ is determined by uq,...,u, different se-
quences of u,...,ux have different value of [. Therefore,
each u; is a unique vector. We also define the joint cumula-
tive distribution of K reaction indexes as F(pu;)=3'_ p(m,).
Using these definitions, we can first generate a uniform ran-
dom variable u#; and then find m; by searching for [
€{1,2,...,MX} that satisfies the following condition:
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Flpy) <uy=F(p), (7)

where we have defined F(u,)=0. The joint probability p(u;)
can be written as

K

p(m) =PMI(M1)H PM,.(Mi|M1, ces Micy)
i=2

K
=pu, () P (il i), (8)
=2

where p ,u (u,) is the marginal probability distribution of w,
and p,, (u; | ;1) is the conditional marginal distribution of u;
given u; ;. Since p,, (1) is known and Pu, (| pi_y) can also
be calculated frorn updated propensity functions after
Mis... i have been specified, p(u;) can be calculated for
each w,, 1 €{1,...,M*X}. However, the computation needed
for calculating all p(m,), [ € {1,...,MX}, increases exponen-
tially with K. Moreover, even after we calculate all p(u,), it
seems that searching for u; over a set of MX elements re-
quires a complexity again increasing exponentially with K. It
turns out that these two problems can be overcome. In the
following, we derive a method for finding pu; that satisfies
Eq. (7) with a linear complexity with respect to K.

Specifically, let us define a variable u;, i=1,...,K, as
follows:
o
up, i=1 .
m 1 p,u,l(m) .

- . 1= 23

;= p,”(m) 9)
=30, (mlui) -
,
Py, (Mo |Mi—2)

In Appendix A, we prove the following proposition:

Proposition 1. Given the definition of p; in Eq. (6), con-
dition (7) is satisfied if and only if the following conditions
hold true

m-1
> pu,(my) <ity = 2 P (my)
my=1 my=1

(10)
mi—1 Mi
> P (milpiy) < it = 2 pu(milpia), i=2, ... K.
mi=1 m=1

i

Therefore, instead of using Eq. (7) to search for the sequence
My, ..., Mg jointly in a set of MK elements, we can use Eq.
(10) to search for each of u,, ..., g sequentially in a set of
M elements. Comparing Eq. (10) with Eq. (5), we see that
the complexity of searching for reaction indices using Eq.
(10) is the same as that using Eq. (5) in the DM, but we can
use a single uniform random variable for a sequence of K
reaction indices. Since wp, ..., ug are generated exactly from
their joint distribution (8) and the marginal distribution of w;,
k=1,...,K, specified in Eq. (8) is identical to Eq. (4) used in
Gillespie’s exact SSA, reaction indices generated from our
method have the same statistics as those generated from
Gillespie’s exact SSA; and apparently, our method does not
incur any bias in the generation of reaction indices.
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We refer to our exact SSA that uses Eq. (10) to generate
reaction indices as DMK and summarize it as follows:
Algorithm 1. (DMK)

1. Initialization (set t=0 and the initial number of mol-
ecules X(t)=x, calculate propensity functions a,,(X), m
=1, M, ao(x):E%:Iam(x), and choose K).
2. Generate a standard uniform random variable u,, set
k=1.
3. Find p such that
Sh (%)

ay(x)
4. If k<K, set

- 2f::lam(x)

e ay(x)

— 3K a,(x)/ag(x)

m=

a,(X)/ay(x)

M1<—

Set k—k+1.

5. Generate a standard uniform random variable u, and
calculate T=-In(u,)/ ay(x).

6. Update the time as t<—t+ 7 and the state vector as X
«—x+w,. Calculate propenszty functions a,,(xX),
m=1,-+-,M and ay(x)=="_ a,,(x).

7. If t is equal to or greater than the end time, stop; oth-
erwise, if k=K go to step 3 or else go to step 2.

Note that the two optimization procedures employed in
the ODM can also be incorporated into Algorithm 1. We
refer to the optimized version of Algorithm 1 as ODMK. The
differences between ODMK and ODM are as follows: (1) to
simulate the occurrence of each reaction, the ODM generates
two uniform random variables, whereas our ODMK gener-
ates 1+1/K uniform random variables on average, and (2)
our ODMK needs to calculate u; in step 4, whereas the ODM
does not have this step. Since calculation of u; only needs
one extra subtraction and two extra divisions, its computa-
tional complexity is much lower than that of a good uniform
random variable generator, such as run2 in Ref. 18. There-
fore, our ODMK is more efficient than the ODM. Clearly,
increasing K will reduce computation, but when K is greater
than certain value, say 100, the reduction in computation is
negligible if further increasing K. Generally, we can select a
value around 100 for K.

IV. K-SKIP SSA

In exact SSAs, we need to generate a random time for
the occurrence of each reaction. Consider K reactions that
occur sequentially after 7. Exact SSAs generate K random
times, say 7y, ..., Tk, each accounting for a random time that
the system waits before the next reaction occurs. If we only
generate 7'=E,’f=l7'k, skipping the generation of each indi-
vidual time, and update the system time after K reactions
occur, we can save more computational time. This is in fact
the idea behind our K-Skip methods that we will describe
next.

The time 7, has an exponential distribution with a pa-
rameter a(x,) as described in Eq. (3), where x; is the system
state before the kth reaction occurs. Since 7, k=1, ...,K, are
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FIG. 1. Histograms of the number of molecules for the decaying-dimerizing
reactions given in Eq. (15). The histograms were obtained from 10° simu-
lation runs.

independent, the probability distribution of T=EkK=11'k can be
found in a closed form.'” When ay(xy), k=1,...,K are all
equal, 7 follows a Gamma distribution with parameters K
and a=ay(x;):

J. Chem. Phys. 131, 064108 (2009)

_a exp(—an)(ank!

p(7)= K-1)!

, 7>0. (11)

However, the distribution of 7 is in a complicated form,
when all ay(x;)’s are different or when some ay(x;)’s are
equal but the others are different, which is often true when
the system evolves and the system state changes constantly.
In these cases, it is impossible to derive an inverse function
for the cumulative distribution function (CDF) of 7 and dif-
ficult to find a proper upper bound for the PDF of 7. There-
fore, it is difficult to generate 7 from its probability distribu-
tion directly or using a rejection method. However, since the
occurrence of one reaction only changes the system state
slightly, it is expected that one reaction causes a small
change in a((x). If we choose K carefully, we can ensure that
ay(xy), k=1, ... K, are approximately equal, and thus we can
approximate the distribution of 7 by a Gamma distribution
and easily generate 7 from the Gamma distribution.

More specifically, we impose the following condition to

ensure that ag(x;), k=1, ...,K, are approximately equal:
max |ao(x;) — ao(x;)| < eap(x;), (12)
ijefl K}

where € is a prespecified small positive constant. Since cal-
culating the left hand side of Eq. (12) needs relatively large
computation, we simplify Eq. (12) as follows:

la(x0) - ag(x,)| < —“’f“),

Vk=K. (13)
In simulation, we can increase K so long as Eq. (13) is sat-
isfied and take final K as the maximum value that satisfies
Eq. (13). The mean value of 7is E[7]==5,1/ay(x,). If 7
follows a Gamma distribution given in Eq. (11), its mean is
K/a. Therefore, once K is determined, we can generate 7
from a Gamma distribution with parameters K and

K
a=_gx > (14)
D 1/ ag(xy)

which ensures that the approximate 7 is unbiased.

In summary, if we generate uq,...,ux from their exact
joint distribution as in Algorithm 1, but generate 7 from its
approximate Gamma distribution as discussed earlier, we get
an approximate but faster algorithm. We refer to this algo-
rithm as K-skip method I, since we will also develop another
method, referred to as K-skip method II, to further improve
simulation speed by generating w, ..., ux from an approxi-
mate distribution. K-skip method I is summarized in the fol-
lowing algorithm:

Algorithm 2. (K-skip method I)

1. Initialization (set t=0 and the initial number of mol-
ecules X(t)=x, calculate propensity functions a,,(X), m
=1, ,M, ay(x)=3"_,a,,(x) and choose ).

2. Generate a standard uniform random variable u,, set
ay=ay(x), b=€ay(x)/2, c=1/ay(x) and K=0.

3. Find p such that

S lau(x)

ao(X)

2“Z:lam(x)

e ao(X)
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TABLE I. Histogram distances for the decaying-dimerizing reactions.

J. Chem. Phys. 131, 064108 (2009)

ODM vs ODM ODMK vs ODM K-Skip I vs ODM K-Skip II vs ODM
Mean * Std. K=10 K=100 K=1000 €=0.01 €=0.03 €=0.1 K=100,€=0.1
X, 0.0094 =0.0023 0.0105 0.0088 0.0100 0.0093 0.0091 0.0097 0.0088
X, 0.0092 =0.0019 0.0077 0.0085 0.0079 0.0082 0.0097 0.0077 0.0183
X3 0.0092 =0.0021 0.0095 0.0112 0.0091 0.0100 0.0105 0.0083 0.0179

4. Update the state vector as XX+, calculate pro-
pensity functions a,,(x), m=1,---,M, and
aO(X)=E%:1am(X), and set K« K+1.

5. If |ag(x)—ay| <b, update ¢« c+1/ay(x) and update u,
as follows

u - Eﬁ;llam(x)/ao(x)

a,(x)/ay(x)
and then go to step 3; otherwise, go to step 6.

6. Generate 7 from a Gamma distribution with param-
eters K and a=K/c.

7. Update the time as t«—t+7. If t is equal to or greater
than the end time, stop; otherwise, go to step 2.

uy <—

s

Algorithm 2 can also be optimized using the two optimiza-
tion procedures employed in the ODM. The differences be-
tween Algorithm 2 and Algorithm 1 are as follows: (1) Al-
gorithm 2 generates one Gamma random variable every K
reactions, whereas Algorithm 1 generates K exponential ran-
dom variables for K reactions, (2) Algorithm 2 needs to cal-
culated b in step 2, ¢ in steps 2 and 5, a in step 6, and do
comparison |ay(x)—ay|<b in step 5, whereas Algorithm 1
does not need such computation. A Gamma random variable
can be generated efﬁciently.18 The computation saved by
generating only one Gamma random variable rather than K
exponential random variables significantly outweighs the ex-
tra computation needed in Algorithm 2, especially when K is
relatively large. Therefore, Algorithm 2 improves simulation
speed. Note that reaction index for each reaction is generated
using its exact distribution. The only approximation error
comes from 7, which is controlled by parameter e.
Algorithm 2 and exact SSAs spend much computation
on generating a reaction index u and updating the propensity
functions after a reaction index is generated. As we men-
tioned earlier, it is reasonably expected that the occurrence of
one reaction only changes propensity functions slightly.
Therefore, we can update propensity functions after occur-
rence of 1<K;=K reactions, where K; can be chosen to
ensure small changes in propensity functions after K, reac-
tions occur. More specifically, we can modify Algorithm 2 to
further improve simulation efficiency as follows: (1) Update

state vector and calculate propensity functions every K; re-
actions in step 4, and (2) calculate the lower and upper limits
of u; in step 3 every K, reactions. We refer to the algorithm
incorporating these two modifications as K-skip method II.
Note that K-skip method II improve simulation efficiency at
the price of increasing simulation errors, since reaction indi-
ces are no longer generated from their exact probability dis-
tribution as in Algorithms 1 and 2. However, we can choose
K, to ensure that the approximation error is small.

V. NUMERICAL EXAMPLES

In this section, we present simulation results for two
chemical reaction systems to demonstrate the accuracy and
efficiency of our ODMK and K-skip method. We ran simu-
lations using the ODM, our ODMK and K-skip method
which was also optimized using the same two optimizations
procedures used in the ODM. We employed histogram
distance'® between the simulation results of the ODM and
those of our methods to measure the simulation accuracy. For
molecular species with a small number of molecules, the
frequency of each number of molecules was calculated as
histogram; for molecular species with a large number of mol-
ecules, we used the Parzen method?® with a Gaussian win-
dow to estimate the histogram. We used algorithm ran2 in
Ref. 18 for generating uniform random variable. In the
K-skip method, we employed the Gamma random number
generator in Ref. 18 All simulation programs were written in
C, and run on a PC with a 3.2 GHz CPU and 2 Gbyte
memory running Windows XP.

A. Decaying-dimerizing reactions

This example was originally used by Gillespieg’lo to test
his SSAs. It includes the following four reactions:

cq & 3 cy

Si— @, S, +85,—8y S +85<S, S8 (15)

In these reactions, a monomer S; degrades by itself and also
reversibly dimerizes to an unstable form S,, which can con-
vert to a stable form S;. We simulate these reactions using

TABLE II. CPU time (in seconds) of 10° simulation runs and speedup over the ODM for the decaying-

dimerizing reactions.

ODMK K-Skip K-Skip IT
ODM  K=10 K=100 K=1000 €=0.01 €=003 e=0.1 K=100, e=0.1
Time 52097 3990.1 38219 38058  1997.4 18092  1782.6 1324.0
Speedup 1.00 131 1.36 137 261 2.88 2.92 3.93
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FIG. 2. Histograms of the number of molecules for the LacZ/LacY reactions. The histograms were obtained from 10° simulation runs.

the same values of rate constant and initial conditions as
Gillespie10

c1= 1, C2=0.002, C3=O.5, C4=0.04, (16)

and

X,(0)=4150, X,(0)=39565, X4(0)=3445. (17)

We run simulation 10° times, each time starting at t=0 and
ending at r=10.

Figure 1 depicts the histograms of X;(10), X,(10), and
X;5(10) obtained from 10° simulation runs. It is seen that our
ODMK has a histogram almost identical to that of the ODM,
as expected, since both are exact SSAs. The histograms of
two K-skip methods are almost the same as those of exact
SSAs, which implies that simulation errors of K-skip meth-
ods are negligible. Table I lists the histogram distance be-
tween the simulation results obtain from the ODM and our
methods. We also give the mean and standard deviation of
the self-histogram distance of the ODM obtained as follows.
We ran simulations 10° times using the ODM and got a
histogram for each molecular species, and then repeated this
process 50 times and got a total of 50 histograms for each

species. Using these 50 histograms, we calculated (520)

=1225 histogram distances and then calculated the mean and
standard deviation of these 1225 histogram distances. The
mean self-histogram distance of the ODM is about 0.01. It is
seen that all the histogram distances between the ODM and
our methods are very small: Five of them (highlighted in
italic font) are less than 0.02 and the others are less than
0.01. This shows that simulation errors of K-skip methods
are negligible in this particular example. Table II lists the
CPU time of 10° simulation runs for the ODM and our meth-
ods. We also gives the speedup of our method relative to the
ODM defined as follows:

CPU time of the ODM
CPU time of our method’

speedup = (18)

The speedup of our ODMK is 1.3. The speedup of K-leap
method I depends on € and is about 3 for €=0.03. The
speedup of K-leap method II depends on € and K; and is
about 4 for €=0.1 and K;=100. Note that although the
speedup of K-skip methods is not as large as that of 7-leap
method,”'®  binomial 7-leap method'™'?  or K-leap
method,'>'® the histogram distance of our K-skip methods is

negligible, while leap methods generally have a considerably
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TABLE III. Histogram distances for the LacZ/LacY system.

J. Chem. Phys. 131, 064108 (2009)

ODM vs ODM ODMK vs ODM K-Skip I vs ODM K-Skip II vs ODM
Mean * Std. K=10 K=100 K=1000 €=0.01 €=0.03 €=0.1 K=100, €=0.1
Plac 0.0034 +£0.0027 0.0004 0.0081 0.0025 0.0001 0.0009 0.0006 0.0040
RNAP 0.0058 £0.0024 0.0052 0.0038 0.0062 0.0056 0.0066 0.0089 0.0087
PLacRNAP 0.0035£0.0029 0.0007 0.0032 0.0000 0.0009 0.0028 0.0012 0.0041
TrLacZ1 0.0025+0.0021 0.0003 0.0050 0.0025 0.0008 0.0019 0.0006 0.0001
RbsLacZ 0.0056 = 0.0025 0.0028 0.0028 0.0052 0.0026 0.0068 0.0043 0.0066
TrLacZ2 0.0042+0.0023 0.0056 0.0022 0.0033 0.0050 0.0016 0.0018 0.0028
TrLacY1 0.0040 £ 0.0025 0.0028 0.0057 0.0024 0.0069 0.0030 0.0076 0.0126
RbsLacY 0.0064 +0.0026 0.0070 0.0062 0.0051 0.0088 0.0053 0.0061 0.0033
TrLacY2 0.0048 = 0.0022 0.0023 0.0028 0.0009 0.0030 0.0024 0.0066 0.0103
Ribosome 0.0048 £0.0015 0.0040 0.0036 0.0085 0.0052 0.0041 0.0059 0.0502
RbsRibosomeLacZ 0.0078 £0.0028 0.0051 0.0097 0.0055 0.0039 0.0105 0.0080 0.1289
RbsRibosomeLacY 0.0080 £ 0.0025 0.0092 0.0058 0.0065 0.0056 0.0065 0.0061 0.1326
TrRbsLacZ 0.0103+0.0023 0.0085 0.0071 0.0132 0.0134 0.0086 0.0100 0.0086
TrRbsLacY 0.0104 £0.0022 0.0072 0.0085 0.0116 0.0095 0.0098 0.0092 0.0100
LacZ 0.0085+0.0019 0.0107 0.0054 0.0061 0.0070 0.0070 0.0077 0.0071
LacY 0.0085 £ 0.0024 0.0079 0.0105 0.0106 0.0084 0.0093 0.0071 0.0073
Lactose 0.0107 =0.0023 0.0085 0.0136 0.0117 0.0113 0.0117 0.0099 0.0133
LacZlactose 0.0085+0.0018 0.0099 0.0073 0.0046 0.0093 0.0072 0.0121 0.0066
Product 0.0103+0.0018 0.0119 0.0088 0.0105 0.0113 0.0118 0.0166 0.0103

large histogram distance. In fact, if the step size of a leap
method is chosen so small as to make the histogram distance
very small, the leap method may be slower than an exact
SSA. It was suggested that when a step size in a leap method
is small, simulation should be run using an exact SSA for the
occurrence of hundreds of reactions and then attempting to
use the leap method.”*! Therefore, from the viewpoint of
simulation speed and accuracy, our K-skip method fills the
gap between the exact SSA and the 7 or K-leap method,
since it provides negligible errors but relatively smaller
speedup when comparing to the 7 or K-leap method.

B. Expression of LacZ/LacY genes and activities
of LacZ/LacY proteins

This example contains 19 molecular species and 22 re-
action channels, described in detail by Kierzek,22 and Tian
and Burrage.11 We first ran simulation using the ODM, start-
ing at =0 with initial condition given by Kierzek, and end-
ing at r=600. We then used the result of the exact SSA as the
initial condition, and ran simulation 10° times using our
ODMK, K-skip methods, as well as the ODM. Each run
started at +=600 and ended at t=601. Following Tian and
Burlrage,'1 we generated the initial number of RNAP mol-
ecules at t=600 from a Gaussian random variable with mean
35 and standard deviation 3.5, and the initial number of ri-
bosome molecules =600 from a Gaussian random variable
with mean 350 and standard deviation 35.

Figure 2 depicts the histograms of four molecular spe-
cies: Plac, Product, TrLacY2, and TrRbsLacY. Plac is the
promoter of LacZ gene without being bound by an RNA
polymerase and its number of molecules is either 0 or 1;
TrLacY2 is the RNA polymerase that is transcribing the
LacY gene and its number of molecules is relatively small
ranging from O to 5. TrRbsLacY is the ribosome that is trans-
lating LacY mRNA and its number of molecules is relatively

large: Product is the product converted from lactose in a
reaction catalyzed by LacZ protein and its number of mol-
ecules is very large. For all four species, the histograms of
our ODMK and K-skip methods are almost the same as those
of the ODM.

Table III lists the histogram distance between the simu-
lation results obtain from the ODM and our methods. As in
the previous example, we also give the mean and standard
deviation of the self-histogram distance of the ODM. The
mean self-distance of the ODM range from 0.0034 to 0.0107.
Most of the histogram distances between our method and the
ODM are less than 0.01; eleven histogram distances (high-
lighted in italic font) are between 0.01 and 0.02; only two
histogram distances (highlighted in italic font) between our
K-skip method II and ODM are relatively large: 0.1289 and
0.1326. This shows that simulation errors of K-skip method I
are negligible in this example, and that the errors of K-skip
method II are small but not negligible. Table IV lists the
CPU time of 10° simulation runs for the ODM and our meth-
ods, as well as the speedup of our methods relative to the
ODM. The speedup is about 1.4 for the ODMK, about 3 for
K-skip method I and about 4 for K-skip method II.

VI. CONCLUSION

Gillespie’s DM is a widely used method for exact sto-
chastic simulation of chemical reaction systems, which simu-
lates every reaction event by using two random variables:
One for generating reaction index and the other for generat-
ing the time that the system needs to wait until the next
reaction occurs. In this paper, we developed an exact SSA
named DMK that is more efficient than Gillespie’s DM. In
our DMK, we use one random variable to generate a se-
quence of K> 1 reaction indices, and thus, we only need 1
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TABLE IV. CPU time (in seconds) of 10° simulation runs and speedup over the ODM for the LacZ/LacY

system.
ODMK K-Skip I K-Skip 1I
ODM K=10 K=100 K=1000 €=0.01 €=0.03 €=0.1 K=100, €=0.1

Time 5474.6 41094  3950.8 3941.2 2543.7 18134  1679.3 1319.2

Speedup 1.00 1.33 1.39 1.39 2.15 3.02 3.26 4.15
+1/K random variables on average to simulate a reaction M BK
event, which improves simulation efficiency. Incorporating Fo(pm) = 2 E pmy, ... ,mg|uy). (A2)
two optimization procedures employed in the ODM into our my=l mg=l

DMK, we converted DMK to an optimized method, named
ODMK, which is more efficient than ODM.

Based on the ODMK, we also developed an approximate
method, the K-skip method, where we used one random vari-
able to generate the time needed for the occurrence of K
reactions, skipping the time needed for the occurrence of
each individual reaction. Since the K-skip method needs only
two random variables to simulate K reaction events, it further
improves simulation efficiency. Applying our ODMK and
K-skip method to two reaction systems, we showed that our
methods provided almost the same simulation accuracy as
the ODM, but our ODMK and K- skip method could save
20%-30% and 70%—-80% simulation time, respectively, rela-
tive to the ODM. The idea behind our ODMK and K-skip
method can also be applied to the SSA for chemical reaction
systems with time delay.23
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APPENDIX A: PROOF OF PROPOSITION 1

We first prove the “only if” part of the proposition. From
the definition of g; in Eq. (6), the sequence of reaction indi-
ces in y; can be specified by nodes on a path from the root to
a leaf in the tree described in Fig. 3, with u; corresponding
to the lowest path and py«k corresponding to the upmost
path. Based on this tree structure, we can express F(u;) as
follows:

L) MK
F("’l)zz E 2 p(mla"~9mK)
my=1 my=1 myg=1
pi—=1 M M
:2 2 2 p(ml,'“»mK)
my=1 my=1 myg=1
M2 3
+ 2 2 P(/levmz, ""mK)
my=1 my=1
p-1
= 2 P,ul(ml)"'l’y,l(ﬂl)Fz(ﬂz), (A1)
my=1

where we have defined Eghzlp'ul(ml)zo and Fy(m)) is de-
fined a

Since Fy(p;) =<1, using Eq. (A1), we infer that if the second
inequality in Eq. (7) is satisfied, we must have

My
uy = E pﬂl(ml)'

my=1

(A3)

For the sequence py=[py,ta,...,pmgl, if u;>1 and w;y,

=pio=""=uxg=1 for 1=i=K, then we have pu_,
=y pisg s y—1,M, ... ,M]. Therefore, we can write
F(p_y) as
2 Moy w1 M M
Fluo)=2 -~ 2 2 2 2 plmy,....mg)
my=1 mi=lm=lmig=1 mg=1

wi-1
=2 Puy(mp) +py () Fy(py),

m=1

(A4)

where we have defined p,, (0)=0, and Fy(p;,) is defined as

& M’
S : :
@ Ut
. O M
™ ©
O,
O @
@ @
O,
® Haw
® : : :
‘ . @ M2
| ©, O M
i ®  Hwm
i ® : :
3 @ M
! i O M
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FIG. 3. The tree structure of K reaction indices with K=3.
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0, i=1,
) Hiop il
Fy(py_y) = .
2 e 2 Ep(mZ’---’miLu’l), 1<ZSK
my=1 m;_y=1 m[=1

Since F5(pm_;) =0, using Eq. (A4), we infer that if the first
inequality in Eq. (7) is satisfied, we must have

pr-1

> 2 Pu,(my).

my=1

(A6)

Combining Egs. (A3) and (A6), we see that Eq. (7) together
with Eq. (6) imply the first condition in Eq. (10) which is
essentially the same as Eq. (5). Note that without the defini-
tion of g in Eq. (6) or the tree structure in Fig. 3, we may
not be able to derive Egs. (A3) and (A6) from Eq. (7).

If we define i, as that in Eq. (9), then Egs. (7), (A1), and
(A4) imply that

Fy(poy) < ity = Fy(py). (A7)

Similar to the derivation of Egs. (A3) and (A6) from Eq. (7),
we can derive the following inequalities from Eq. (A7)

Hy—1 )
> Pu(mal ) < ity = > P (mal ). (AB)
my=1 my=1

If we define u;, i=1,...,K, recursively, as in Eq. (9), then,
similar to the derivation of Eq. (A8), we can derive the sec-
ond condition in Eq. (10) for i >2. This finishes the proof of
the “only if” part of the proposition.

We now prove the “if” part of the proposition. Using Eq.
(9), we can construct a sequence, i, ..., Mg, from u; that
satisfies Eq. (10) as follows. First, we find w, that satisfies
the two inequalities imposed on i;=u; in Eq. (10). After
calculating i, from &), and w; using Eq. (9), we find u, that
satisfies the two inequalities on i, in Eq. (10). After calcu-
lating i3 from i1, and u, using Eq. (9), we then find wu; that
satisfies the two inequalities on i3 in Eq. (10). This process
continues until we get ug. We next prove that the sequence
such constructed is the sequence y; that satisfies Eq. (7).

From Eq. (9), we have

wi=1
w =ity = 2 pu,(m)+ip, (m),

m=1
(A9)

Hi1~1
= X P,L,._l(m“/«i—z) + ﬁipul._l(ﬂi—l|ﬂi—2), i=3.

m=1

Using Eq. (A9), it is not difficult to express u; as follows:

J. Chem. Phys. 131, 064108 (2009)

(AS)

K-1 | [ k-1 =1
U= E Hpﬂi(MiU/«i—l) E p,lLk(m|Mk—l)
i=1 m=1

k=1
K-1

+ a1 P,Ll.(,U«i|Mi—1),
i=1

(A10)

where we  have

H?:1PM,.(,U«; | i) =1.

If we continue the derivation in Eq. (A1) until replacing
the joint distribution with marginal distributions, we can
write F(u;) as follows:

k-1 [ [ k-1 1
Flp) =2 |:HP#,.(M1'|IU«1'—1)] > Puk(m|/1«k—1)

k=1 i=1 m=1

defined  p, (m|uo)=p, (m) and

K-1

+ |: E P,u,((mll/«K—l)] H P,Ll.(ﬂvilﬂi_l)- (A11)
m=1 i=1

Comparing Eq. (A10) with Eq. (A11) and using the last in-
equality in Eq. (10), ﬁKSEZQ]pMK(mLU,K_l), we conclude
that

up = F(p).
Using Egs. (All) and (8), we have
F(p_y) = F(p) = p(p)

K-1 | [ k-1 w1
= kE [HP#i(Mi|Mi—1)] E Puk(m|/1«k—1)
=1 m=1

i=1

(A12)

=1 K-1
+ [ > PM,((m|,U«K—1)i| I1 P,ui(MiLU«i—l)- (A13)
m=1

i=1

Comparing Eq. (A10) with Eq. (A13) and using the second
last inequality in Eq. (10), 2“&'p MK(ml M) <ig, we con-
clude that

F(py) <uy.

Combining Egs. (A12) and (A14), we see that Eq. (10) im-
plies Eq. (7). This concludes the proof of the proposition.
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